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INTERNATIONAL ECONOMIC REVIEW
Vol. 36, No. 1, February 1995

NASH-IMPLEMENTATION OF THE LINDAHL CORRESPONDENCE
WITH DECREASING RETURNS TO SCALE TECHNOLOGIES*

By Qr Li, SHINSUKE NAKAMURA, AND GUOQIANG TIAN!

This paper considers the problem of designing ‘‘well-behaved’’ mechanisms
whose Nash allocations coincide with Lindahl allocations in the presence of
decreasing returns to scale (DRS) technologies. The mechanism presented
here is individually feasible, balanced, continuous, and differentiable around
Nash equilibria. Further, the mechanism has a message space of minimal
dimension. Moreover we show that, in contrast to mechanisms dealing with
constant returns to scale, an important characteristic of mechanisms imple-
menting the Lindahl correspondence with DRS technologies is that at least one
individual’s personalized prices depend on his own messages, provided the
mechanisms are balanced and smooth.

1. INTRODUCTION

Since Groves and Ledyard (1977) first proposed a mechanism to solve the ‘‘free
rider’’ problem for public goods economies, there have been many mechanisms
which implement the (constrained) Lindahl or Walrasian correspondence such as
those in Hurwicz (1979a), Schmeidler (1980), Walker (1981), Hurwicz, Maskin, and
Postlewaite (1984), Hurwicz (1986a), Groves and Ledyard (1987), Nakamura
(1989), Tian (1989, 1990, 1991, 1992, 1993), and Tian and Li (1991) among others.
However most mechanisms for public goods economies assume that the technology
for producing public goods displays constant returns to scale (CRS). Although it is
natural for economists to design ‘‘well-behaved’’ mechanisms for the simple case of
CRS first, the ““well-behaved’’ mechanisms for the more general case of decreasing
returns to scale (DRS) are also quite desirable.

This paper gives a ‘‘well-behaved’’ mechanism whose Nash allocations coincide
with Lindahl allocations for public goods economies with DRS technologies. The
mechanism presented is completely feasible (individually feasible and balanced ),2
continuous, differentiable around Nash equilibria, and almost everywhere differ-
entiable. This allows the differential approach to be used in finding Nash equilib-
rium points. Moreover, the mechanism uses a message space of minimal dimen-
sion. The results are shown to be true for any economy with at least three agents
whose preferences satisfy the usual regularity assumptions (strict monotonicity,
convexity, and differentiability) and in addition satisfies the condition that any

* Manuscript received February 1993; final revision received March 1994.

! We wish to thank Professor L. Hurwicz for stimulating our interest in this subject and for his very
useful comments and suggestions. We also wish to thank an anonymous referee for very valuable
constructive suggestions that have significantly improved the presentation of the paper. The first and third
authors acknowledge financial support from the SSHRC of Canada and Texas A&M University’s
Interdisciplinary Research Initiatives Enhancement Program Grant, respectively.

2 That is, the resulting allocations are in the consumption space and are balanced for all messages.
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38 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

interior allocation is strictly preferred to a boundary allocation.? Briefly, the
mechanism proceeds as follows: The reported messages are used to determine the
personal price paid by each consumer of a public good, and these prices are
summed to determine the amount received by the producer for each unit of that
public good supplied. Next, find the profit maximizing level of output for the public
goods subject to global material constraint. Although the profit maximizing vector
may not be consistent with individual budget balance, an adjustment is then made
so that the individual budget constraint is satisfied for every consumer, even out of
equilibrium; by selecting the public goods vector that is closest to the profit
maximizing one. We will have profit maximization at equilibrium.4 The outcome for
the private good is then determined such that the budget constraint of each agent
holds with equality. This mechanism has all the desirable properties mentioned
above. Further, under conditions imposed in the paper, we show that the set of
Nash allocations coincides with the set of Lindahl allocations.

It is important to have a mechanism which implements the Lindahl correspon-
dence for the following reasons. First, Lindahl allocations result in Pareto efficient
allocations. Much of the literature on the design and evaluation of allocation
mechanisms has adopted the Pareto-efficiency correspondence as an ideal for
performance comparisons. Economists desire Pareto efficiency as a basic social
goal partly because of the known and satisfactory efficiency properties of compet-
itive markets and partly because of the acceptability of the concept of Pareto-
efficiency as a minimal welfare criteria. Second, it results in individually rational
allocations in the usual sense that they are not worse than the initial endowment.
Third, the concept of Lindahl equilibrium is very similar to the conventional
concept of Walrasian equilibrium with attention to the well-known duality which
reverses the role of prices and quantities between private and public goods, and
between Walrasian and Lindahl allocations. In the Walrasian case, prices must be
equalized while quantities are individualized; in the Lindahl case the quantities of
the public good must be the same for everyone, while prices charged for the public
good are individualized. In addition, the concepts of Walrasian and Lindahl
equilibria are both relevant to private-ownership economies.

Including DRS technology in a Lindahl correspondence is interesting for two
reasons. First, DRS technology is more common than CRS for producing a public
good. The causes of DRS in the production of public goods are largely the same as
for private goods. For example, consider the production of uranium for nuclear
‘weapons that are used for national defense, it may be difficult or impossible to
double all inputs, in that increasing the scale of operation would necessarily force
the miners to operate on less rich veins of rock. DRS could also arise if some inputs

3 This assumption cannot be dropped for implementation of the Lindahl correspondence by a
completely feasible mechanism, otherwise the Lindahl correspondence violates Maskin’s (1977) mono-
tonicity condition which is a necessary condition for Nash implementation. For details, see Tian (1988).

4 We may not have profit maximization out of equilibrium. This may be a serious defect of the
mechanism. However, it is true that we do not have profit maximization out of equilibrium in a real market
economy, either. Many things occur to frustrate the aspirations of producers. But our mechanism, like a
firm in a real market economy, does select a production plan that is closest to the profit maximizing one
at every point along the path to equilibrium.
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IMPLEMENTATION OF LINDAHL ALLOCATIONS 39

were inadvertently omitted in estimating a production function. Decreasing returns
to scale are also likely to be the case when the scale of operation is very large.
Upward sloping average and marginal cost curves may be present at high output
levels because coordination and control become increasingly difficult. Information
may be lost or distorted as it is transmitted from workers to lower-level manage-
ment and then to top level management, and the reverse may be equally likely.
Channels of communication become more complex and more difficult to monitor,
additional monitoring services cannot generally be obtained as readily as can
additional inputs. Decisions require more time to make and implement.

Second, our mechanism for DRS technologies is drastically different from
mechanisms for CRS technologies. In the CRS case, the personalized prices of all
agents in the existing mechanisms are independent of their own messages. In our
mechanism however, the personalized prices of agents with nonzero profit shares
depend on their own messages while only the personalized prices of agents without
profit shares are independent of their own messages. We prove in Theorems 3 and
4 that this is a generic property for any balanced and smooth mechanism which
implements the Lindahl correspondence. It seems to us that this is an important
distinction between CRS and DRS technologies when designing a balanced
mechanism which implements the Lindahl correspondence. As an application of
Theorems 3 and 4, one can conclude that the mechanisms proposed by Walker
(1981) and Tian (1990, 1991) which implement the Lindahl correspondence for CRS
technologies cannot be modified easily to implement the Lindahl correspondence
for public goods economies with DRS technologies, because in those mechanisms
the personalized prices of all agents are independent of their own messages.

Our mechanism also improves the results of Walker (1981) and Nakamura (1989)
in several aspects. Walker (1981) considered a general production technology, but
his mechanism has several undesirable properties for economies with more than
one private good.5 Specifically, his mechanism is a combination of a game form and
the market mechanism, so it is not really a ‘‘pure’’game form but a quasi-game form
in the sense that it requires that producers are nonplayer participantsé; it is not
individually feasible, balanced, or single valued. Nakamura (1989) constructed two
“‘pure’’ mechanisms which implement the Lindahl correspondence. However, one
of them is neither (weakly) balanced nor individually feasible. The other is balanced
but still not individually feasible and uses the strong assumption that all agents
share the profits. For the importance of designing individually feasible, balanced,
single-valued, and continuous mechanisms, see Groves and Ledyard (1987, pp.
72-75) and Tian (1989, 1991).

The plan of this paper is as follows. Section 2 sets forth a public goods economy
.model and presents a ‘‘pure’’ mechanism which has the desirable properties
mentioned above. Section 3 shows that this mechanism fully implements the

5> For one private good and one public good economies, Walker (1981) considered only the case of
constant returns to scale and thus his mechanism has only one undesirable property, namely, individual
infeasibility.

6 This is because producers obey certain behavior rules but do not have preferences, and hence are not
players in games (‘‘soulless’’ production managers). Hurwicz (1979b) called this kind of game structure
a quasi-game. :
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40 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

Lindahl correspondence. Section 4 proves that, for any balanced and smooth
‘“‘pure”’ mechanism implementing the Lindahl correspondence, the personalized
prices of consumers with nonzero profit shares must depend on their own messages
and the personalized prices of those consumers without profit shares must be
independent of their own messages. Finally, in Section 5, we give some concluding
remarks.

2. PUBLIC GOODS MODEL AND MECHANISM

2.1. Economic Environments. We consider public goods economies with n
agents who consume one private good x (the numeraire) and K public goods y.
Throughout this paper subscripts are used to index agents and superscripts are used
to index goods unless otherwise stated. Denote by N = {1, 2, ..., n} the set of
agents. Each agent’s characteristic is denoted by e¢; = (w;, R;), where w; is the
initial endowment of the private good and R; the preference ordering (P; denotes
the asymmetric part of the preference R;) defined on R 1*K We assume that there
are no initial endowments of public goods, but that public goods can be produced
from the private good. We further assume that there is only one producer’ whose
production technology is given by a cost function C: RX — R, and each
consumer i has a nonnegative profit share 8; with Y;cy 6; = 1. An economy is the
full vector e = (e, ... , €,, C) and the set of all such economies is denoted by E.
The following additional assumptions are made on E.

ASSUMPTION 1. n = 3.8
ASSUMPTION 2. w; > 0 foralli € N.

ASSUMPTION 3. Each consumer’s preference R; can be represented by a twice
continuously differentiable and strictly quasi-concave utility function u; which

satisfies strictly differentiable monotonicity (i.e., du;/dx; > 0 and ou;/9y > 0) on
R 1+K .

ASSUMPTION 4. Foralli € N, u;j(x;,y) > u;(x}, y )for all (x;,y) € IRJ]rJ.'FK
and (x},y') € dRL X, where oR L 14K is the boundary of R1™X

ASSUMPTION 5. The cost function C: RX — R, is twice continuously differen-
tiable, strictly increasing, strictly convex in'y, and C(0) = 0.° Thus, DC = 0 for
all y = 0 and D2C is positive definite. Here DC and D?C represent the first and
second derivatives, respectively.

7 Extension to the presence of any number of producers is straightforward.

8 As usual, vector inequalities are defined as follows: Let a, b € R™. Thena = b means a; = b for
als =1,..., m;a=bmeansa = bbuta # b;a > bmeans a; > b foralls =1, ..., m.

9 This is actually an input requirement function. In this model, there is only one private good which
is a numeraire, so that we can interpret C(y) as a cost function.
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IMPLEMENTATION OF LINDAHL ALLOCATIONS 41

REMARK 1. The familiar Cobb-Douglas utility function satisfies Assumptions 3
and 4.

2.2. Lindahl Allocations. An allocation (x, y) = (X1, .. , X, y) is feasible
for an economy e if (x, y) € R?" X and /1, x; + C(y) = -, w;. An allocation
(x, y) is Pareto efficient for an economy e if it is feasible and there does not exist
another feasible allocation (x’, y') such that u;(x};, y') = u;(x;, y) foralli € N
and u;(xj, y') > uj(x;, y) for some j € N.1° An allocation (x, y) is individually
rational for an economy e if u;(x;, y) = u;(w;, 0) foralli € N.

An allocation (x*, y*) is a Lindahl allocation for an economy e if it is feasible
and there are personalized price vectors g¥ € RX, one for each i, such that

D xt+ gt y*=w; + 0;(¢g* - y* — C(y*)) foralli € N,

2) ui(x;, y) > ui(x}, y*) implies x; + g% -y > w; + 6;(g™ y* — C(y*))
foralli € N;

3) g* - y* — C(y*) = maxyepx(q* -y — C(y)),

where Y/L, g% = g*. Denote by L(e) the set of all such allocations.

REMARK 2. Condition (3) is the profit maximization condition. Note that the
maximum profit is greater than zero when the maximizing level of output y* is
semi-positive (i.e., y* = 0). Also, under Assumptions 2 to 4, the Lindahl allocation
exists (compare Milleron 1972, p. 443).

ReEMARK 3. Every Lindahl allocation is clearly Pareto efficient and individually
rational. However, even though a Lindahl allocation is individually rational, it may
not be autarkically individually rational.!! ’

2.3. Mechanism. LetF be a social choice rule,i.e., a correspondence from E
to the set Z of resource allocations. In the rest of this paper, we will use the Lindahl
correspondence as the social choice rule.

Let M; denote the ith message (strategy) domain. Its elements are written as m;
and called messages. Let M = I[I1/L; M; denote the message (strategy) space. Let
h: M — Z denote the outcome function, or more explicitly, 4;(m) = (X;(m),
Y(m)), where X;(m) is the ith agent’s outcome function for the private good, and
Y(m) the outcome function for public goods. A mechanism consists of (M, h)
which is defined on E. ‘

A message m* = (m%, ..., m%) € M is a Nash equilibrium (NE) of the
mechanism (M, k) for an economy e if for any i € N and for all m; € M;,

1) (X (m*), Y(m*)) 2 uy(X;(m*Im;, i), Y(m*Im;, i),

10 Note that, in contrast to the efficiency for private goods, for public goods economies, a weak Pareto
efficient allocation may not be Pareto efficient even if preferences satisfy strict monotonicity and
continuity (compare Tian 1988).

1" An allocation (x*, y*) is autarkically (free access) individually rational if for each agent i, u;(x%,
¥*¥) = u;(%;, y;). Here (&;, y;) is a utility maximizer subject to x; + C(y) = w;. This concept is due to
Gevers (1986), Moulin (1989), and Saijo (1991).
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42 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

where (m*/m;, i) = (m%, ..., m%_, m;, m%,,, ..., m%). The h(m*) is then
called a Nash (equilibrium) allocation. Denote by V", , (e) the set of all such Nash
equilibria and by N, ,(e) the set of all such Nash (equilibrium) allocations. A
mechanism (M, h) fully Nash-implements the Lindahl correspondence L on E, if,
for all e € E, Njyp(e) # @ and Ny u(e) = L(e). A mechanism (M, h) is
individually feasible if (X(m), Y(m)) € R?*X for all m € M. A mechanism (M,
h) is balanced if for all m € M

N n
) > Xi(m) + C(y(m)) = 3, w;.

j=1 Jj=1

A mechanism (M, h) is completely feasible if it is individually feasible and
balanced.

Now we construct a completely feasible and continuous mechanism with a
message space of minimal dimension which fully Nash-implements the Lindahl
correspondence under the assumptions that the cost function and endowments are
known to the designer.

For each i € N, the agent’s message domain is of the form

(3) M; = RX.

To define the personalized prices, we need to distinguish two cases: (i) 6; € [0,
1) for all i € N and (ii) there is one consumer (say, consumer 1) who owns all the

profit shares (i.e., 6, = 1, 6; = 0 fori = 2, ..., n).
Case (i).
©)] qi(m)=0;m; + (1 — 0;41)m;4q,

where n + 1 is to be read as 1.

Case (ii).
(%) q1(m) =my;
(6) qi(m) = m;4q fori=2,...,n—1;
) gn(m) =my.

REMARK 4. Observe that, by construction, consumers with zero profit shares
cannot change their personalized prices by changing their own messages, although
the personalized prices of consumers with nonzero profit shares depend on their
own messages.

Define the producer’s price vector g(m) by summing all the consumers’
personalized prices. Then for both cases we have

®) qm) = qi(m) =2, m; = .
i=1 i=1
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IMPLEMENTATION OF LINDAHL ALLOCATIONS 43

Let A = {y € RX: 0 = C(y) = w} be the feasible production set under given
resources w = 2. /L; w;. Then A is nonempty, compact, and convex (by noting that
C(y) is convex).

The profit maximizing level of output for public goods is given by

) ¥(m) = arg min {|lg(m) — DC(y)||: y € A},

choosing y(m) such that its marginal cost vector is the closest to the producer’s
price vector. Note that y(m) is single valued, continuous,!? and by construction,

(10) ¥(m) = (DC) "' (g(m))
if g(m) € DC[A].
Define the feasible correspondence B: M —— RX by
(11) Bm)={y €RX: w; + 0lg(m)-y - C(»)] - qi(m) - y=0 V iE N},

which is clearly nonempty, compact, convex, and continuous on M.
Define the outcome function for public goods Y: M — B by

(12) Y(m) = arg min {|ly — y(m)||: y € B(m)},

choosing Y(m) closest to the profit maximizing level of output y(m). Then Y(m) is
single valued and continuous on M. Note that Y(m) also satisfies the global material
balance condition because B(m) C A for all m € M.

Define the taxing outcome function T;(m): M — R by

(13) T:(m) = q;(m) - Y(m).

Then

(14) >, Ti(m)= q(m) + Y(m).
i=1

Define the ith agent’s outcome function for private good X;: M — R, by
(15) Xi(m) =w; + 8;[qg(m) - Y(m) — C(Y(m))] — q;(m) - Y(m),

which corresponds to the budget constraint. Because X ;e 6; = 1 and 3 ;en g;(m)
= g(m), we have '

(16) > Xi(m) + C(Y(m) = 2, w;,

i=1 i=1

which means that the balanced condition holds for all m € M.

12 This is because 7(m) is an upper semicontinuous correspondence by Berge’s Maximum Theorem
(see Berge 1963, p. 116) and single valued (see Mas-Colell 1985, p. 28). It might be remarked that the
convexity of the cost function is playing a big role in the paper. For example, in the single valuedness of
() and Y(-) defined in (12).
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44 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

Thus the mechanism specified above is individually feasible, balanced, continu-
ous, and almost everywhere differentiable on M.

3. EQUIVALENCE OF NASH AND LINDAHL ALLOCATIONS

This section is devoted to the proof of equivalence between Nash allocations and
Lindahl allocations, as stated in Theorem 1 and Theorem 2 below. Lemma 1 and
Lemma 2 are preliminary results used to prove Theorem 1 and Theorem 2.

LemMmA 1. If (X(m*), Y(m*)) € Ny p(e), then (X(m*), Y(m*)) € R7K,

Proor. We argue by contradiction. Suppose (X(m*), Y(m*)) € aIRf'K . Then
Y(m*) € oRX or X;(m*) = 0 for some i € N.
Let « € RX be a vector with ones. Let

w

2(v + DC(1) + 2m*)°

where w = min;ey |w| and m* = 3K, S, |m**|. Let b = min {1, 8 and 5 =
(1/K)(b, ..., b)'.

Now suppose that consumer i chooses his/her message m; = DC(3) — 3. [%; m7.
Then g(m*/m;, i) = m; + X[x; m} = DC(¥) and

w; + 0;lg(m*/m;, i) -7 — C(9]— q;(m*Im;, i)y

zw; — qj(m*/m;, i) -y
1 K
2wy~ 2 lmfl +m*lb (by noting |¢ - g;(m)| = X 3" |mf)
k=1 = =
zw; —[v-DC(F) +2m*]b  (by noting m; = DC(¥) — 2;‘_ m¥)

Zw; — [v+-DC() + 2*]8 (by noting b=1 and b = §)

=

>0

N
SN

=Wj_

for all j € N. Therefore y € B(m*/m;, i) and thus
Y(m*Im;, i) =y>0,
X;(m*/m;, i) =w; + 0;[g(m*/m;, i)y — C(y)] - qj(m*Im;, i)+ 3> 0.
Hence, by Assumption 4, we have
ui(X;(m*Im;, i), Y(m*/m;, i)) > u;(X;(m*), Y(m*)),

which contradicts (X(m*), Y(m*)) € Ny p(e). Q.E.D.
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IMPLEMENTATION OF LINDAHL ALLOCATIONS 45

LEMMA 2. If (X(m*), Y(m*)) € Ny y(e), then Y(m*) € int B(m*) and
q(m*) € DC[A]. Therefore Y(m*) = y(m*) = (DC) "N (g(m*)).

PrOOF. Suppose, by way of contradiction, that Y(m*) € 0B(m*).13 Then either
Y*(m*) = 0 for some k or 0 = w; + 6;[q - Y(m*) — C(Y(m*))] — q;(m*) - Y(m*)
= X;(m*) for some i € N. But both cases are impossible by Lemma 1. So Y(m*)
€ int B(m*) and thus Y(m*) = y(m*). Similarly, we must have g(m*) € DC[A]
for otherwise, y(m*) = 0 or DC(y(m*)) = 2 /.| w; and thus X;(m*) = 0 for all
i € N. Hence Y(m*) = §(m*) = (DC) 1 (g(m*)). Q.E.D.

REMARK 5. From Lemma 2 and the twice differentiability of the cost function,
we know that the outcome functions are differentiable on some neighborhood of
m* € YV p(e) and thus we can use the differential approach to find Nash
equilibrium points. (For the examples of using the differential approach to locating
Nash equilibria, see Chapter 16 of Varian 1992). Lemma 2 also shows that the
outcome for public goods is equal to the profit maximizing level of output at Nash
equilibrium.

We now prove the main results of this paper in the following theorems.

THEOREM 1. Under Assumptions 1 to S, if the mechanism defined above has a
Nash equilibrium m*, then (X(m*), Y(m*)) is a Lindahl allocation with the
Lindahl price system (q1(m*), ..., q,(m*)), i.e., Ny p(e) C L(e).

ProOOF. Let m* be a Nash equilibrium. We prove that (X(m*), Y(m*)) is a
Lindahl allocation with the price vector (q;(m*), ..., q,(m*)) € R7K. By the
construction of the mechanism and Lemma 2, we know that (X(m*), Y(m*)) is
feasible, Y(m*) is the profit maximizing level of output, and (X;(m*), Y(m*))
satisfies the budget constraint of agent i. So we need only show that each individual
is maximizing his/her preferences.

By Lemma 1, we know that (X;(m*), Y(m*)) € R}rﬁK. By Lemma 2, Y(m*) €
int B(m*) and Y(m*) = (DC) !(g(m*)). Therefore there exists a neighborhood
O(m*) of m* such that Y(m) € int B(m*) for all m € 6(m*). Hence all outcome
functions q;(m), q(m), X;(m), and Y(m) are differentiable on 6(m*). Thus, by
using the first order condition, we have

an Dy ui(X;(m*), Y(m*)) = 0.
Therefore,
(18) (D,u)[0/(Y Dy g+ qDp Y—DC(Y): Dy ¥) = g; * Dy Y= Y+ D, g;]
+ Dyu;(Dy, ¥)=0.

By the constructions of g(m) and ¢;(m) and Lemma 2, we know that for all m €
0(m*), g(m) = DC(Y(m)), Dpq = Ig, Dpq; = 6;Ig,'* and thus 6,Y(m) - D, q

13 3B(m) denotes the boundary of B(m).
14 This is true for both cases by the definition of ¢;(m) and by noting that §; can be zero for some
i € N.
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46 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

— Y(m)*D,,q;(m) = 6;Y(m) — 6;Y(m) = 0. Here I is a K X K identity matrix.
Hence (18) becomes

(19) [(Dyu;)(—qi(m*)) + (Dyu;)1Dy, Y = 0.

Because D m,-Y = (D2C) “lisa nonsingular matrix,

(20) D u;(—q;(m*)) + Dyu; =0
and thus

L= (. *
@n D.u; Dyu; q:(m*),

which is the first order necessary and sufficient condition for utility maximization
since u; is strictly quasi-concave. Q.E.D.

THEOREM 2. Under Assumptions 1 to S, if (x*, y*) is a Lindahl allocation with
the Lindahl price system (g%, ... , q*), then there is a Nash equilibrium m* of the
mechanism such that Y(m*) = y*, X;(m*) = x*%, q;(m*) = q%, foralli € N, i.e.,
L(e) C Ny pe).

ProoF. We want to find a message m* such that (x*, y*) is a Nash allocation.
We first assume that at least two agents have nonzero profit shares (i.e., 8; € [0,
1) for all i € N, which belongs to Case (i)). Consider the following linear equations
system:

(22) Om = g%,
where
0,Ix  (1- 6,0 0 w0 0
0 0211( (1 - 03)1]( e 0 0
23) 6= eee oee eos
0 0 0 o Oulk (1 - on)IK
(- 6,)Ig 0 0 o0 0,1

and g* = (q¢%, ... , ¢%)’. Expanding the determinant |®| by the first K columns, we
have |®| = TI/L; 65X + (="' I, (1 — 6,)% 5 0 because §; € [0, 1) for all
i € N.15 Hence the linear equations system (22) has a unique solution m*. Now if
only one agent receives all the profit, the linear equations system is specified by (5)
to (7) and thus clearly has a unique solution. Then, for both cases, we can find a
unique m* such that g;(m*) = g%, q(m*) = XL q;(m*) = Z[L g}, q(m*) =
DC(Y(m*)), X;(m*) = x¥, Y(m*) = y*.

From (18) and (21), we know that the first order condition for Lindahl allocations
is the same as the first order condition for Nash allocations. So we need only show

15 This is true by the following reasoning. If §; = 0 for some i € N, then |®] = (-1)""' 12, (1 —
0)K % 0.1f 6, # 0foralli € N, then 6; < 1 — 6;,, since n = 3 and T/1, 6, = 1. Thus 11| 6X <
L, (1 - 6)%. So @] = e, 6f + (D™ I, (1~ 6% 0.
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that the first order necessary condition for Nash equilibrium is actually sufficient for
Nash equilibrium by showing that the following function (which gives consumer i’s
budget constraint)

24) Xi(m*/m;, i) =w; + 0;[q(m*/m;, i) - Y(m*/m;, i) — C(Y(m*Im;, i))]
= q;(m*/m;, i) - Y(m*/m;, i)

is concave in Y(m*/m;, i) for all m; € M;.16

We first consider those m; such that (X;(m*/m;, i), Y(m*/m;, i)) € RLIK.
Then Y(m*/m;, i) € int B(m*/m;, i) and thus all the outcome functions are
differentiable with respect to m; on some neighborhood of m;. Differentiating (24)
with respect to m;, we have

(25) DyX; D, Y=10,[q-Dy Y+ YD, g—DC(Y) D, Y]
_qi°Dm,Y_ Y'Dm,»qi~

By repeating the arguments that lead to equation (20), we get

(26) DyX; = —q;(m).

The second order derivative matrix is

@7 - D}X:D,, Y= —D,, qi(m)=—0;I.
Then

(28) DyX;=~-0,(D,,Y)"'=-6,DC,

which is negative semi-definite. Thus X;(m*/m;, i) is concave in Y(m*/m;, i) when
X;(m*Im;, i), Y(m*Im;, i)) € R1%K. Now consider those m; such that outcomes
X;(m*/m;, i), Y(m*/m;, i)) are boundary points of R1*K_ Since these outcomes
are also boundary points of the curve specified by (24) which are continuous in m;,
and concave in Y in R1%K, X;(m*/m;, i) is concave in Y(m*/m;, i) for all m; €
M ;. Thus consumer | maximizes a strictly quasi-concave utility function subject to
a convex constraint when others’ messages are given. Hence the first order
condition is sufficient (compare Arrow and Enthoren 1961). Q.E.D.

REMARK 6. From Theorem 2.4 of Reichelstein and Reiter (1988) we know that
Nash implementation is always at least as costly, in message space size, as
(decentralized) realization. Because the minimal dimension required for decentral-
ized realization of the Lindahl correspondence under prescribed behavior is nK
(compare Sato 1981 or Hurwicz 1986b), the mechanism presented in this paper has
a message space of minimal dimension and thus is informationally efficient. Also,
because every Lindahl allocation is Pareto efficient and individually rational, the
mechanism yields Pareto efficient and individually rational allocations.

16 Note that choosing m ; is equivalent to choosing Y(m*/m;, i) for consumer i/ when others’ messages
are given.
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Summarizing the above discussions, we conclude that for public goods econo-
mies E satisfying Assumptions 1 to 5, there exists a completely feasible, continu-
ous, and almost everywhere differentiable mechanism with a message space of
minimal dimension which fully Nash-implements the Lindahl correspondence.

4. CHARACTERISTICS OF MECHANISMS FOR DRS

Notice that the above mechanism is drastically different from the usual CRS
mechanisms. Groves and Ledyard (1987, p. 77) argued that, for a given mechanism
in public goods economies with CRS, if the joint message m* is a Nash equilibrium
that yields a Lindahl allocation, the personalized prices g;(m*) may depend on the
messages of other agents, but not on the agent’s own message. In our mechanism
dealing with DRS, the personalized prices of consumers with nonzero profit shares
depend on their own messages while only the personalized prices of consumers
with zero profit shares are independent of their own messages. One may wonder if
this distinction is valid for any balanced and smooth mechanism which fully
implements the Lindahl correspondence. The following results answer this ques-
tion.

THEOREM 3. Let (M, h) be a mechanism which fully Nash-implements the
Lindahl correspondence on the set of sufficiently large economic environments with
DRS technologies. Suppose that the outcome function h is differentiable on some
neighborhood of every Nash equilibrium and satisfies the budget constraints with
equality. Then, if all consumers’ profit share are nonzero, at least one consumer’s
personalized prices depend on his own messages.

Proor. Consider the following class of public goods economies: one private
and one public good, decreasing returns in producing y from x by the cost function
C(y) = y?, endowments w; > 0, and preferences R; which are represented by the
differentiable utility functions u; of the form

ui(x;, y) =xy'=*,  Va;€(0,1)

for all i € N. Denote by E_ the set of all such economies. Then one can show that
(x*, y*¥) € L(e) for e € E, if and only if

(29) xi=w; + 0;[qg*¥4 — q%(q*/2)], ViEN
(30) y* =q*/2,

where

(31) q’?—gli—a—)[w, +0:(q*%4)], VIieEN
and
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> . (1—-a;)w;

i=

(32) q* =2 .
[2- 2;1 (1-a;)0;]

From (29) to (32), we know that for all Lindahl allocations for the economies E,
x¥ € (0, w;) and y* € (0, Vw) since ¢* € (0, w; + 6;w)/Vw) and g* € (0, 2Vw).
Now for any mechanism (M, h), X;(m), by assumption, is defined by

(33) Xi(m) =w; + 0;[q(m) - Y(m) — C(Y(m))] = q:(m) - Y(m)

and thus the mechanism is balanced. Because the mechanism, by assumption, is
differentiable on some neighborhood of every Nash equilibrium m € V, ,(E.) and
fully implements the Lindahl correspondence on E., we have the first order
condition for Nash equilibrium

(34) (Dxui)[oi(Y'Dm,q + q'Dm, Y - DC(Y) 'Dm,- Y)
- dq; 'Dm,. Y - Y°Dm,-qi] + Dyui(Dm, Y) =0.

Because (X(m), Y(m)) is also a Lindahl allocation by assumption, from the first
order condition for Lindahl allocations, we have

(35) [(Dyu;)(—qi(m)) + (Dyu;)ID,, Y = 0.
Combining (34) and (35), we obtain
(36) (D,u)[6:(Y+Dy,q+q*DpY—DC(Y):Dy, Y) =Y+ Dp,qi]=0.

Because (D, u;) > 0, g(m) — DC(Y(m)) = 0 by the profit maximization condition,
and Y(m) € (0, \/;), we must have

37 0;0g(m)lom; = oq;(m)/om;
or

for all m € Vy 4 (E,). »

Now suppose by way of contradiction, that for all i € N, dq;(m)/om; = 0 for
all m € V4 (E.). Because 6; > 0 for all i € N, then dDC(Y(m))/om; = 0 for
allm € Vy; ,(E.) and all i € N. Hence, by Sard’s theorem, DC(Y(V ps 4(E.))) =
DC(y*(E.)) is of measure zero, where y*(e) is the Lindahl allocation for the pubic
goods at e € E... But by Nash implementation, DC(Y(V y; 4(E.))) = DC(y*(E,))
has a positive measure, which is a contradiction. Q.E.D.

From the proof of the above theorem, we have the following result:

THEOREM 4. Let (M, h) be a mechanism which fully Nash-implements the
Lindahl correspondence on the set of sufficiently large economic environments with
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DRS technologies. Suppose that the outcome function h is differentiable on some
neighborhood of every Nash equilibrium and satisfies the budget constraints with
equality. Then, at least onV y; ;,(E), the personalized prices of consumers without
profit shares must be almost everywhere independent of their own messages, and
the personalized prices of consumers with nonzero profit shares must depend on
their own messages if their outcome functions (X;(m), Y(m)) are not almost
everywhere independent of their own messages.

ProofF. Under E, specified in the proof of Theorem 3, we know that
(39) 0;0g(m)lom; = aq;(m)/om;

for allm € V'ys ,(E,). Thus, if the profit share of agent i is zero (i.e., 6; = 0), then
0q;(m)/om; = 0 for all m € Vs ,(E.). By Sard’s theorem, g;(m) is of measure
zero for all Nash equilibrium strategies of consumer i. Thus g; is almost every-
where independent of the agent’s own messages on V' ,,(E ) which proves the first
part of the theorem.

Now we prove the second part of the theorem. Suppose by way of contradiction,
that for some i with 6; > 0, dq;(m)/am; = 0 for all m € V', ,(E.). We then have
dq(m)/am; = 0 and aDC(Y(m))/om; = 0 for all m € V'), ,(E.). Consequently,
0X;(m)/dom; = 0 and 3 Y(m)/om; = 0 for all m € V', ,(E.), which means (X;(m),
Y(m)) is almost everywhere independent of the agent’s own messages on
Vun(E.), a contradiction. Q.E.D.

ReEMARK 7. Since in the case of CRS, every agent’s profit share can be
considered as zero, the above theorem actually supports the arguments for the CRS
technology made by Groves and Ledyard (1987).

REMARK 8. As an application of Theorems 3 and 4, consider the mechanisms
proposed by Walker (1981) and Tian (1990) for one private and one public good
economies. These mechanisms are differentiable around Nash equilibria, satisfy the
budget constraints with equality, and yield personalized prices of agents indepen-
dent of their own messages. Although they implement the Lindahl correspondence
for CRS technologies, we know by Theorems 3 and 4, that simple modifications of
these mechanisms cannot implement the Lindahl correspondence under DRS.

5. CONCLUDING REMARKS

In the above sections we have given a simple mechanism which is well-behaved
in the sense that the mechanism is individually feasible, balanced, continuous, and
has a message space of minimal dimension. Moreover, the mechanism is almost
everywhere differentiable on the message space and differentiable on some neigh-
borhood of every Nash equilibrium so that we can use the differential approach. We
have also shown that mechanisms for DRS are drastically different from the
mechanisms for CRS in a way that some agents’ personalized prices must depend
on their own messages if the mechanisms are balanced and smooth. In this section,
we would like to mention some possible extensions.

First, the mechanism presented here deals only with public goods economies
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with one private good. However, by using techniques similar to those given in Tian
and Li (1991), the mechanism presented above can be generalized to include
economies with an arbitrary number of private goods and a DRS technology by
combining the above mechanism and a mechanism given in Tian (1992). The
resulting mechanism would be completely feasible, continuous, and implement the
Lindahl correspondence.

Second, the mechanism obtained in this paper works only for public goods
economies that have strictly decreasing returns to scale. However, this restriction
can be relaxed easily to include economies with general convex production
possibility sets (including CRS and DRS technologies) by combining the above
mechanism and the mechanism given in Tian (1991). Such techniques have been
used in Tian and Li (1995). The resulting mechanism will have all the desirable
properties of the above mechanism.

Third, similar to those mechanisms proposed by Hurwicz, Maskin, and Postle-
waite (1984), and Tian (1993), the mechanism presented above can be extended to
allow for endowments unknown to the designer. This case of course certainly
increases the size of the message space but reduces the information requirements
on the designer.

Finally, like many mechanisms in the literature (such as those in Hurwicz 1979,
Walker 1981, Tian 1990), we have assumed that the technology is known to the
designer in the above mechanism. This is clearly not a satisfactory assumption.
This assumption however, can also be relaxed if we do not insist on the requirement
of the minimal sized message space by using techniques similar to those in
Hurwicz, Maskin, and Postlewaite (1984), Nakamura (1989), Tian (1989).

University of Guelph, Canada
Keio University, Japan
Texas A&M University, U.S.A.

REFERENCES

ARrOW, K. J. AND A. C. ENTHOREN, ‘‘Quasi-Concave Programming,’’ Econometrica 29 (1961), 779-800.

BERGE, B., Topological Spaces, trans. by E. M. Patterson (New York: Macmillan, 1963).

GEVERS, L., “Walrasian Social Choice: Some Simple Axiomatic Approaches,’’ in W. P. Heller, R. M.
Starr, and D. A. Starrett, eds., Social Choice and Public Decision Making: Essays in Honor of
Kenneth J. Arrow, Vol. 1 (New York: Cambridge University Press, 1986), 97-114.

Groves, T. aND J. LEDYARD, ‘‘Optimal Allocation of Public Goods: A Solution to the ‘Free Rider’
Problem,” Econometrica 45 (1977), 783-811.

AND , ‘‘Incentive Compatibility Since 1972, in T. Groves, R. Radner, and S. Reiter, eds.,
Information, Incentives, and Economic Mechanisms (Minneapolis: University of Minnesota Press,
1987), 48-114.

Hurwicz, L., ‘“‘Outcome Functions Yielding Walrasian and Lindahl Allocations at Nash Equilibrium
Point,”” Review of Economic Studies 46 (1979a), 217-225.

, “‘On Allocations Attainable Through Nash Equilibria,”’ Journal of Economic Theory 21 (1979b),

149-165.

, “‘Incentive Aspects of Decentralization,” in K. J. Arrow and M. D. Intriligator, eds., Handbook

of Mathematical Economics, Vol. 3 (Amsterdam: North-Holland, 1986a), 1441-1482.

, *‘On Informational Decentralization and Efficiency in Recourse Allocation Mechanism,”’ in S.

This content downloaded from 128.194.113.59 on Mon, 02 Oct 2017 21:30:15 UTC
All use subject to http://about.jstor.org/terms



52 QI LI, SHINSUKE NAKAMURA, AND GUOQIANG TIAN

Reiter, ed., Studies in Mathematical Economies (Washington: Mathematical Association of Amer-

ica, 1986b), 239-350.

, E. MASKIN, AND A. POSTLEWAITE, ‘‘Feasible Implementation of Social Choice Correspondences
by Nash Equilibria,”” mimeo, University of Minnesota, 1984.

Mas-CoLELL, A., ‘““The Theory of General Economic Equilibrium: A Differentiable Approach’ (New
York: Cambridge University Press, 1985).

MaskiN, E., ““Nash Equilibrium and Welfare Optimality,”” working paper, M.L.T., 1977.

MILLERON, J.-C., ““Theory of Value with Public Goods: A Survey Article,”’ Journal of Economic Theory
5(1972), 419-477.

MouLIN, H., “‘Axioms of Cooperative Decision Making,’’ Econometric Society Monographs (New York:
Cambridge Press, 1989).

NAKAMURA, S., ‘‘Efficient and Feasible Nash Mechanisms with Production and Externalities,”” Ph.D.
Dissertation, University of Minnesota, 1989.

REICHELSTEIN, S. AND S. REITER, ‘‘Game Forms with Minimal Strategy Spaces,’’ Econometrica 56 (1988),
661-692.

Sauo, T., “‘Incentive Compatibility and Individual Rationality in Public Good Economies,”’ Journal of
Economic Theory 55 (1991), 203-212.

Sarto, F., *‘On the Informational Size of Message Spaces for Resource Allocation Processes in Economies
with Public Goods,’’ Journal of Economic Theory 24 (1981), 48-69.

SCHMEIDLER, D., ‘‘Walrasian Analysis via Strategic Outcome Functions,”” Econometrica 48 (1980),
1585-1593. '

TiAN, G., *‘On the Constrained Walrasian and Lindahl Correspondences,’’ Economics Letters 26 (1988),
299-303.

———, “‘Implementation of the Lindahl Correspondence by A Single-Valued, Feasible, and Continuous
Mechanism,’’ Review of Economic Studies 56 (1989), 613-621.

, ‘Completely Feasible and Continuous Nash-Implementation of the Lindahl Correspondence with

a Message Space of Minimal Dimension,’’ Journal of Economic Theory 51 (1990), 443452,

, ‘‘Implementation of the Lindahl Allocations with Nontotal-Nontransitive Preferences,’”’ Journal

of Public Economics 46 (1991), 247-259.

, ‘“‘Implementation of the Walrasian Correspondence without Continuous, Convex, and Ordered

Preferences,’’ Social Choice and Welfare 9 (1992), 117-130.

, ‘‘Implementing Lindahl Allocations by a Withholding Mechanism,’’ Journal of Mathematical

Economics 22 (1993), 169-179.

AND Q. L1, ‘‘Completely Feasible and Continuous Implementation of the Lindahl Correspondence

with Any Number of Goods,’’ Mathematical Social Science 21 (1991), 67-79.

AND , “‘Ratio-Lindahl Equilibria and an Informationally Efficient and Implementable
Mixed-ownership System,”” Journal of Economic Behavior and Organization (forthcoming 1995).

WALKER, M., ‘A Simple Incentive Compatible Scheme for Attaining Lindahl Allocations,”” Economet-
rica 49 (1981), 65-71.

VARIAN, H. R., ‘‘Microeconomic Analysis,”” 3rd ed. (New York and London: W. W. Norton, 1992).

This content downloaded from 128.194.113.59 on Mon, 02 Oct 2017 21:30:15 UTC
All use subject to http://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14
	image 15
	image 16

	Issue Table of Contents
	International Economic Review, Vol. 36, No. 1, Feb., 1995
	Volume Information [pp.  i - xxii]
	Front Matter
	Editorial Announcement [p.  1]
	The Early History of the International Economic Review [pp.  3 - 4]
	Technology Shocks and Cointegration in Quadratic Models of the Firm [pp.  5 - 17]
	The Durability of Information, Market Efficiency and the Size of Firms [pp.  19 - 36]
	Nash-Implementation of the Lindahl Correspondence with Decreasing Returns to Scale Technologies [pp.  37 - 52]
	Decisions and Optimality in Competitive Stock Ownership Economies [pp.  53 - 74]
	Correlated Contracts in Oligopoly [pp.  75 - 100]
	The Terms of Trade, the Real Exchange Rate, and Economic Fluctuations [pp.  101 - 137]
	Domestic Distortions and International Trade [pp.  139 - 157]
	Dual Selection Criteria with Multiple Alternatives: Migration, Work Status, and Wages [pp.  159 - 185]
	Dutch Books Arguments and Learning in a Nonexpected Utility Framework [pp.  187 - 206]
	Common Knowledge of a Multivariate Aggregate Statistic [pp.  207 - 216]
	Optimal Cleanup of Hazardous Wastes [pp.  217 - 243]
	Airline Deregulation: The Cost Pieces of the Puzzle [pp.  245 - 258]
	Publications Received [pp.  259 - 260]
	Back Matter [pp.  1 - 1]



